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Abstract We prove that, for x € (0,4) and p > (x — 4)/2, the chordal SLE(k; p) trace
started from (0; 0") or (0; 07) satisfies the reversibility property. And we obtain the equation
for the reversal of the chordal SLE(k; p) trace started from (0; by), where by > 0.
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1 Introduction

In the proof of the reversibility of the SLE(x) trace [9], where k € (0, 4], a new technique
was developed to construct a coupling of two SLE(«) traces, such that in that coupling, the
images of the two traces coincide, and the directions of the two traces are opposite. That
technique was then used to prove the Duplantier’s duality conjecture [10, 11]. Comparing
Theorem 5.4 in [10] with Julien Dubédat’s Conjecture 2 in [1], the author proposed the
following conjecture in [10].

Conjecture 1 Let By(t), 0 <t < oo, be a chordal SLE(k; py, p_) trace started from
(0;0%,07), where k € (0,4) and p,, p_ > (k —4)/2. Let Wo(z) = 1/Z. Then after a time-
change, (Wy(Bo(1/1))), 0 <t < 00, has the same distribution as (By(t)), 0 <t < o0.

It’s already known that this conjecture holds in some special cases. If p, = p_ =0, then
Bo is a standard SLE(«x) trace, and the result follows from [9]. If k = 0, then f is a half
line from O to co, which is a trivial case. If x = 4, then it follows from the convergence of
the discrete Gaussian free field contour line [5]; and it is also a special case of Theorem 5.5
in [10]. The motivation of the current paper is to prove the above conjecture. We will only
prove part of it, that is, the case when p, or p_ equals to 0. If, for example, p_ = 0, then By
reduces to a chordal SLE(«k; p, ) trace started from (0; 0"). The main theorem of this paper
is the following.
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1014 D. Zhan

Theorem 1.1 Let « € (0,4) and p > (k — 4)/2. Suppose By(t), 0 <t < 0o, is a chordal
SLE(«k; p) trace started from (0;0%), where o € {+, —}. Let Wy(z) = 1/7. Then after a
time-change, Wy (Bo(1/1)), 0 <t < 00, has the same distribution as By(t), 0 <t < oo.

We will see that Theorem 1.1 here and Theorem 5.4 in [10] imply Dubédat’s conjecture.
Besides the special cases that p =0, kK = 0 or 4, the above theorem is also known to be true
in the case that k = 8/3. This follows from [3] because the image of B, satisfies the left-
sided or right-sided restriction property with exponent depending on p, and the one-sided
restriction measure is invariant under the map Wy(z) = 1/z.

The proof of Theorem 1.1 will be completed in the last section. We will use the technique
used in [9] and [10]. The new difficulty here is that when applying the above technique, we
need some information about the “middle” part of the curve fy. This means that given a
stopping time 77 > 0 and a “backward” stopping time 7, < oo with T; < T, we need to
know the conditional distribution of By(¢), T} <t < T, given the curves By((0; 77]) and
Bo([T»; 00)). This is known in some special cases. If B is a standard chordal SLE(«x) trace,
which corresponds to the case that p = 0, then By(¢), T} <t < T, is a time-change of a
chordal SLE(«x) trace in H \ (Bo((0; T1]) U Bo([T3; 00))) from By(T7) to Bo(T»). If « =4,
from the proof of Theorem 5.5 in [10], we see that By(t), T} <t < T, is a time-change
of a generic SLE(k; p) trace in H \ (Bo((0; T1]) U Bo([T»; 00))). In the general case, as
we will see, the conditional distribution of By(t), Ty <t < T, is complicated. To describe
this middle part of By, we will use hypergeometric functions to define a new kind of SLE-
type processes, which are called intermediate SLE(x; p) processes. These new SLE-type
processes will also be used to describe the reversal of an SLE(k; p) trace whose force point
is not degenerate. This is Theorem 1.2 below, whose proof will also be completed in the last
section.

Theorem 1.2 Suppose By(t), 0 <t < 00, is a chordal SLE(k; p) trace started from (0; bg)
with by > 0. Let Wy(z) = 1/Z. Then after a time-change, Wy(Bo(1/1)), 0 <t < 00, has the
same distribution as a degenerate intermediate SLE(«c; p) trace with force points 0 and
1/by.

The current paper will frequently use results from [9] and [10]. The reader is suggested
to have copies of those two papers by hand for convenience.

After finishing the first version of this paper, the author noticed that Corollary 9 in [2]
is equivalent to Theorem 1.1 here. It seems to the author that some important details are
omitted in [2]. The proofs in this paper will be completed, and contain all details. And the
approach of this paper is somewhat different from that in [2].

2 Preliminary

If H is a bounded and relatively closed subset of H = {z € C : Imz > 0}, and H\ H is simply
connected, then we call H a hull in H w.r.t. co. For such H, there is ¢ that maps H\ H con-
formally onto H, and satisfies ¢y (z) =z + < + O(Ziz) as z — 0o, where ¢ = hcap(H) >0
is called the half-plane capacity of H. A hull H with hcap(H) = c has diameter at least /c.
If H, C H, are hulls in H w.r.t. oo, then H,/H, := ¢y, (H, \ H;) is also a hull in H w.r.t.
00, and we have ¢u, = @, /H, © QH, -
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Reversibility of Some Chordal SLE(«; p) Traces 1015

For a real interval I, we use C(I) to denote the space of real continuous functions on /.
For T > 0and & € C([0, T)), the chordal Loewner equation driven by £ is

dp(t,2) = ¢0,2) =z. 2.1

2
9t — €@
For 0 <t < T,let K(t) be the set of z € H such that the solution ¢(s, z) blows up before or
at time ¢. Then each K (¢) is a hull in H w.r.t. oo, hcap(K (1)) = 2¢, and ¢(¢, -) = k). We
call K(¢) and ¢(t,-), 0 <t < T, the chordal Loewner hulls and maps, respectively, driven
by £.
Let B(t),0 <t < 00, be a (standard) Brownian motion. Let ¥ > 0. Then K () and ¢(¢, -),
0 <t < 00, driven by £(¢) = /K B(t), 0 <t < 00, are called the standard chordal SLE(x)
hulls and maps, respectively. It is known [4, 8] that almost surely for any ¢ € [0, 00),

— 1 A1
B(@) '_Halzir%m“’(”) @) (2.2)

exists, and B(z), 0 <t < o0, is a continuous curve in H. Moreover, if k € (0,4] then B is a
simple curve, which intersects R only at the initial point, and for any # > 0, K () = B((0, ¢]);
if « > 4 then § is not simple, and intersects R at infinitely many points; and in general,
H \ K(¢) is the unbounded component of H \ B((0, ¢]) for any ¢ > 0. Such B is called a
standard chordal SLE(«) trace.

If (£(¢)) is a semi-martingale with d(£), = « dt for some k > 0, then from the Girsanov’s
theorem ([7]) and the existence of standard chordal SLE(«) trace, we see that almost surely
for any ¢t € [0, T), B(¢) defined by (2.2) exists, and has the same property as a standard
chordal SLE(k) trace (depending on the value of «) as described in the last paragraph.

Letk >0, NeN,p=(p1,...,on) €ERY, xpeR,and p = (py, ..., py) € R\ {xo)?,
where R=RU {oo} is a circle. Let B(t) be a Brownian motion, which generates a filtration
(F).Let&(t) and p,,(t), 1 <m < N, 0 <t < T, be the maximal solutions to the SDE:

d(t) = K dB() + Y0 _, st

_ 2dt
dpn () = 5055, L=m =N,

2.3)

with initial values
§(0) = xo, Pm@)=p,, 1<m=<N.

The meaning of the maximal solutions is that [0, 7') is the maximal interval of the solution.
Here if some p,, = oo then p,,(t) = oo and E(/)f';m(” =0 forall t > 0, so p,, has no effect
on the equation. Let K(¢), 0 <t < T, be the chordal Loewner hulls driven by &. Then
we call K(t),0 <t < T, achordal SLE(k; o1, ..., px) or SLE(k; p) process started from
(x0; p1s .-+, py) Or (xg; p). It is known that (£()) is an (F;)-semi-martingale with d (&), =
kdt. So the chordal Loewner trace B(t),0 <t < T, driven by £ exists, and is called a chordal
SLE(k; p) trace started from (xo; p). These p,,’s and p,,’s are called the force points and
forces, respectively.

The chordal SLE(k; ) processes defined above are of generic cases. We now introduce
degenerate SLE(k; p) processes, where one of the force points takes value x&“ or x; , or
two of the force points take values x; and x; , respectively. The force point x;” or x; is
called a degenerate force point. The definitions are as follows. Suppose p; = x is the only
degenerate force point. Let £(¢) and p,,(t), 1 <k <N, 0 <t < T, be the maximal solution
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to (2.3) with initial values
£(0) = p1(0) = xo, pe@) =pi, 2<k=<N.
Moreover, we require that
pi(t)>&@), O0<t<T. 24

It is known that the solution exists, and (£(¢)) is also an (F;)-semi-martingale with
d(&), = kdt. The chordal Loewner trace driven by £(¢), 0 <t < T, is called a chordal
SLE(k; p1, ..., pn) trace started from (xo; x(jr, P2, ..., py). If the “>"in (2.4) is replaced
by “<”, then we get a chordal SLE(«; pi, ..., py) trace started from (xo; X, , p2, ..., Pn)-
If the only degenerate force points are p; = xaL and p, =x;, let&(¢) and pi(¢), ] <k <N,
0 <t < T, be the maximal solution to (2.3) with initial values

§(0) = p1(0) = p2(0) = xo, i) =pr, 3<k=<N
such that

pi(t) > E(@) > pr(t), O<t<T.

The chordal Loewner trace driven by £(¢),0 <t < T, is called a chordal SLE(x; py, ..., py)
trace started from (xo; Xg , Xo s P35 -+ PN)-

For 1 <m < N, the function p,, (), 0 <t < T, is called the force point function started
from p,,. Each force point function is determined by its initial point p,, and the driving
function &(¢) as follows. Let ¢(¢,-), 0 <t < T, be the chordal Loewner maps driven by &.
If p,, is not degenerate, then from (2.1), we have p,,(t) = ¢(t, p), 0 <t < T.If p,, = x§,
o € {4+, —}, is degenerate, then it is not difficult to see that p,,(t) = limx_,xg o(t, x).

The following lemma is a special case of Lemma 2.1 in [10].

Lemma 2.1 Suppose k € (0,4] and p = (p1, ..., py) with Zzzl pom=Kk—06.Forj=1,2,
let K;(t), 0 <t < Tj, be a generic or degenerate chordal SLE(k; p) process started from
(xj; P;), where p; = (pj1,...,pjn), J = 1,2. Suppose W is a conformal or conjugate
conformal map from H onto H such that W (x1) = x, and W(p1.m) = pam, 1 <m < N.
Then (W(K(1)),0 <t < Ty) has the same law as (K,(t),0 <t < T,) up to a time-change.
A similar result holds for the traces.

The following lemma is a special case of Theorem 3.2 in [10].

Lemma 2.2 Suppose « € (0,4], p > (k — 4)/2, and B(t), 0 <t < o0, is a chordal
SLE(«k; p) trace started from (0; 0?), where o € {4, —}. Then a.s. lim,_, », B(t) = co.

From Lemma 2.1 and Lemma 2.2, we obtain the following lemma.

Lemma 2.3 Let k € (0,4], p > (k —4)/2, and x| # x, € R. Suppose B(t),0<t <T,isa
chordal SLE(k; p, k — 6 — p) trace started from (xy; x{ , x2), where o € {+, —}. Then a.s.
lim,_, - B(?) = x».

Proof Let By(t), 0 <t < 0o, be a chordal SLE(k; p) trace started from (0; 0"). From
Lemma 2.2, a.s. lim,_, o, Bo(¢) = 0o. We may find W that maps H conformally or conjugate
conformally onto H such that W (0) = x;, W(c0) = x,, and W (0") =x{. From Lemma 2.1,
after a time-change, W(By(¢)), 0 <t < oo, has the same distribution as (), 0 <t < T.
Thus, a.s. lim,_, 7- B(t) = W(00) = x5. |
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Reversibility of Some Chordal SLE(«; p) Traces 1017

3 Intermediate SLE(«x; p) Process

Lemma3.1 Fork € (0,4)and p > (k —4)/2,leta=2L,b=1-% <0,and c = 22 > 1.
For x € (—1,1), let Uy(x) =, F(a, b; c; x), where , Fy is the hypergeometric function [6].

Then there are C, > Cy > 0 such that Cy < Uo(x) < C, on [0,1). Let fo(x) = g{;gi
[O 1). Then fo is also bounded on [0, 1), fo(x) > 1= b for0<x <1, andlim,_ - fo(x) =

2 .

on

Proof 1tis known [6] that U, is analytic and satisfies the Gaussian hypergeometric equation:
x(x = DUF(x) + [(@a+ b+ Dx — c]Uy(x) + abUy(x) = 0. (3.1

Moreover, we have Up(0) =1 > 0 and f;(0) = Uy(0) = ”h . Let zo = sup{x € (0 1)
Up(x) # 0}. Then z¢ € (0, 1] and fo is analytic on [0, zp). Let ho(x) = fo(x) —

oD — 2 on [0, 20). Then hg(0) = % — b= 7% > 0. From (3.1) and that b + ¢ —a = L,
we find that for x € [0, zg), ho(x) satlsﬁes
b(1—b
xhy(x) + xho()c)2 + cho(x) + ( ) =0. 3.2)
(1—x)?

Assume that there is x; € [0, zg) such that hy(x;) < 0. Since h¢(0) > 0, so x; > 0 and
there is x¢ € (0, zg) such that h(xg) = 0 and hg(x) > 0 for x € [0, xg). Then we have
hg(xo) < 0. However, since b < 0, from (3.2) we have h(xo) > 0, which is a contradic-
tion. Thus hy(x) > O for all x € [0, z9). So we have fy(x) > % for 0 < x < zp. Assume
that zo < 1. Then z is a zero of Uy, so zq is a simple pole of fy, and the residue is posi-
tive. Thus, limx_ma fo(x) = —o0, which contradicts that fo(x) > ; b — for 0 < x < zo. Thus,

z0=1.So Up(x) #0and fy(x) > % for 0 <x < 1. Since Uy(0) =1 > 0, so Uyp(x) > 0 on
[0, 1).

Now Uj and fj are continuous on [0, 1), and Uy(x) > 0 on [0, 1). To complete the proof,
we suffice to show that lim,_, - Up(x) and lim,_, ;- fo(x) both exist and are finite, and
lim,_, - Up(x) > 0. One may check that ¢, c —a, ¢ — b and ¢ — a — b are all positive. So
from [6],

i U()_F(C)F(c—a—b) (0. 00) (3.3)
e N = R T T e =) SO '

We have Uj(x) = “L—_b2F|(a + 1,6+ 1;c+ 1; x). One may check that c + 1 and (c + 1) —
(a +1) — (b + 1) are both positive. So from [6] again,

. ab T+ DIc—a—b-1)
B S PR S G4

From (3.3) and (3.4), we have lim, - fo(x) = =% b = —5, which is finite. O
From now on, fix k € (0,4) and p > (x —4)/2. Let f, be given by Lemma 3.1. Let
8o(x) := p +kxfo(x). (3.5)

From Lemma 3.1, gy is bounded on [0, 1), lim, _, ;- go(x) =0, and for0 <x < 1,

() > p+ (k —4>1%x. 3.6)
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1018 D. Zhan

L 1 1 Pi
J(p1,p2) == ———)go| — ) (3.7)
P1 p2 P2

From (3.6) and that p > k/2 — 2, we have

4—x 2—k/2 2—«/2
J(pl,p2)§£—£+ =< / + / . (3.8)
P2 D1 P2 P1 P2

For 0 < p; < py, let

Let 0 < p; < p. Let B(t) be a Brownian motion. Let J (-, -) be defined by (3.7). Let
&(t), p1(t) and po(t), 0 <t < T, be the maximal solution to

{df(t) =KkdB(t) + J(pi(t) — &), p2(t) — (1)) dt,

_ 2 _ 2 3.9)
dpi (1) = 5% @ dp>(1) = 555w

with initial values
§(0) =0, piO®=p;, j=12.

We call the chordal Loewner trace §(¢), 0 <t < T, driven by &, a (generic) intermediate
SLE(k; p) trace with force points p; and p,. Note that £(¢) < p;(¢) < po(t) for0 <t < T.
If T < oo, we must have lim,_,7— p;(t) — §(¢) = 0. Thus, if limsup,_ ;- pi1(t) — &) > 0,
then 7' = oo.

Theorem 3.1 Let (t), 0 <t < T, be an intermediate SLE(x; p) trace. Then a.s. T = 00,
which means that oo is a subsequential limit of B(t) ast — T ™.

Proof Let £(t), 0 <t < T, be the driving function for B. Then there are p;(t), p»(t) and
some Brownian motion B(¢) such that (3.9) holds, and [0, T') is the maximal interval of the
solution. Let X; (1) = p;(t) —&(), j=1,2. Then 0 < X(t) < X»(¢), 0 <t < T; and for
Jj=1,2, X; satisfies the SDE

dX (1) = —JKdB(1) + ( —J(X1(0), Xz(f))) dt.

X;(t)
From It&’s formula ([7]), for j =1, 2, we have

JK 2-«/2 J(Xl(t)aXZ(t)))dt
X;(0) X;()? X;® .

dIn(X; (1) = — dB(t) + < (3.10)

Thus, we have

d(In(X(1)/ X, (1) :< Vi e )dB(r)— (2_”2 2_"/2>dr

X,(1)  Xa(1) X102 X5(1)?

1 1
! (Xl(r) - m)“xm Xa(0)dr.

Since 1/X;(¢) > 1/ X,(t) and 2 — k /2 > 0, so from (3.8), the drift term for In(X,(¢)/ X (¢))
is not positive. Note that In(X,(¢)/ X (¢)) is always positive. So (In(X,(¢)/X(?))) is a su-
permartingale. Thus, a.s. lim,_,7- In(X,(¢)/ X (#)) exists and is finite. So a.s.

T 2
N A
/O <X1([) — m) dt —IE$7(IH(X2/X1)>I < Q. (311)
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Reversibility of Some Chordal SLE(«; p) Traces 1019

Let £, denote the event that lim,_, 7— In(X,(¢)/ X (¢)) > 0. Assume that £ occurs. From
(3.11), we have a.s. fOT X,(t)"%dt < co. From (3.7) and (3.10), we have

e | ‘ X0\ (Xi(0)
dm““”“iadm”+YE§P_5+O_xm0&<&m)PL(MD

Since a.s. fOT X, (t)"2dt < 00, and go is bounded on [0, 1), so a.s.

T
/ 1 2_5+O_Xm»&<&m>
o X1(1)? 2 X>(1) X2(0)
From (3.12) we have a.s. lim,_ 7-In(X(¢)) exists and is finite. Thus, on &; a.s.
lim,_,7- X, (¢) exists and is positive, which implies that T = co.

Let & denote the event that lim,_, 7- In(X,(¢)/X,(¢)) = 0. Assume that £ occurs.
Then lim,,7- X 1(#)/X>(t) = 1, so lim,_, 7- go(X(2)/ X2(2)) = lim,_, ;- go(x) = 0. Since
2 —k/2 > 0, so the drift term in (3.12) is positive when ¢ is close to T. From (3.12), a.s.
limsup,_, ;- In(X;(#)) > —oo, which implies that limsup,_, - X;(¢) > 0. So we have a.s.
T = oo on the event &;.

Since &£ U &, is a.s. the whole probability space, so a.s. T = 0o. Suppose T = oo. Since
for any 0 < ¢ < 00, the half-plane capacity of 8((0, t]) is 2t, so the diameter of 8((0, ¢]) is
at least +/2¢. Thus, the diameter of B((0, 00)) is infinite, so oo is a subsequential limit of
B)ast—T~. O

dt < oo.

The above theorem still holds if the force points p; and p, are random points, and the
joint distribution of p; and p, is independent of the Brownian motion B(¢). The argument
in the above proof still works.

We may let the force point p; be 0T, and define the degenerate intermediate SLE(k; o)
trace. The definition is as follows. Fix p, > 0. Let £(¢), p,(¢) and p,(¢) solve (3.9) for
0 <t < T, with initial values

£(0) = p1(0)=0, p2(0) = p>. (3.13)
Moreover, we require that
E(t) < p1(1), O0<t<T. (3.14)

The chordal Loewner trace 8(t), 0 <t < T, driven by £, is called a degenerate intermediate
SLE(k; p) trace with force points 0" and p,.

We claim that the solution to (3.9) together with (3.13) and (3.14) a.s. exists. For the
proof, we suffice to prove that the solution exists on (0, Tp) for some stopping time 7y > 0
because after T we are dealing with some generic case with random force points. Let B(t)
be a Brownian motion under some probability measure P. Let £(¢), p;(¢) and p,(¢),0 <t <
T, be the maximal solution to

de(t) = Sk dB(1) + g(z)—’ﬁdz’
_ 2 i =
dp;() = ;5 ms T =12

such that (3.13) and (3.14) hold. The solution a.s. exists because & is the driving function
for an SLE(k; p) process started from (0, 07).

From (3.5) and (3.7), it is clear that lim,, .o+ (J (p1, p2) + ﬁ) = % - é f0(0). Define

d

Z(t),0<rt <T,suchthatfort >0, Z(@#)=J(p1(t) —&@), po(t) —&(@)) — m an

@ Springer



1020 D. Zhan

Z(0) = 1;12 - ﬁ f0(0). Then Z(¢) is continuous on [0, T7). From the Girsanov’s Theorem,
there is a stopping time Ty € (0, 77) such that under some other probability measure Q,
B(t) = E(t) — ﬁ fot Z(s)ds, 0 <t < Ty, is a partial Brownian motion, which means that
B(t) could be extended to a full Brownian motion. Then we have

d&() =k dB(@) + J(p1(1) —£@t), po(t) — () dt, 0=t <T.

Thus, the solution to (3.9) with (3.13) and (3.14) a.s. exists on (0, 7j). Then the solution
can be extended to the maximal interval, say (0, 7), and so we have the existence of the
maximal solution. From Theorem 3.1, we get the following corollary.

Corollary 3.1 Let 8(t),0 <t < T, be a degenerate intermediate SLE(x; p) trace. Then a.s.
T = oo, which means that oo is a subsequential limit of B(t) ast — T .

4 Martingales

Fix k € (0,4) and p > /2 — 2. Let x; < x, € R, 0y =+ and 0, = —. Throughout this
section, the subscripts j and k will be any of the two numbers: 1 or 2, such that j and
k are different. Let &;(¢), 0 <t < T}, be the driving function for a chordal SLE(k; p, x —
6 — p) trace B;(t), 0 <t < T}, started from (x;; x;j,xk). From Lemma 2.3, we have a.s.
limHT; Bj(t) = xi. Let ¢;(¢,-) and K; (), 0 <t < T}, be the chordal Loewner maps and

hulls driven by &;. Let p;(¢) and g; () be the force point functions started from x;.r" and xy,
respectively. So we have p;(t) = limeaj @ij(t,x)and g;(t) = @;(t, x;). ForO0<t < T, let
ey

1 —6— k=6—p
B.()=—|[&¢; .
i@ xﬂ?(‘ff(’) ./‘sja)—-p]@> ./ 56— 4,6 S)

Then B;(t), 0 <t < T, is a partial Brownian motions. Let (}",j ) be the filtration generated
by B;(t). Then (§;(t)), p;(t), and (g, (¢)) are all (F;)-adapted. And (§;(?)) is an (F;)-semi-
martingale with d(§), = k dt. Moreover, &;(t), p;(t) and q;(t), 0 < t < T}, are the maximal
solution to the following equations

o K—6—p

dé: (1) = dB;(t) + dt + dt, 4.1
G0 =VidB O+ o g0 @D

2
dp;(t) = ———— dt, 4.2
PO= 50" @2

2
dg;(t) = —— d&t, 4.3
vO0=o-50" @3

with initial values

£;(0)=p;0) =x;, q;(0) = xy; (4.4)

and they satisfy the inequalities
§@)<pi(®) <q(t), O0<t<T &) > pa(t) > ), O0<t<T. (45)
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Now suppose that (£,(¢)) and (&,(¢)) are independent. Then (B;(¢)) and (B,(¢)) are also
independent. So for any fixed (}',k)—stopping time fy with 0 <# < Ty, B;(t),0=<t <Tj,is
a partial (]-'tj X ]-'t’; )¢>0-Brownian motion.

Differentiating (2.1) w.r.t. 9, and plugging § = &; and z = x;, we find that for 0 <t < T},

do.p;(t, x) _ —2dt 4.6)

et x)  (q;(t) — &) '

From (4.1)—(4.3) we have that, for0 <t < T;,

dE;m —pi®) _ _ d§;@®) 2dt . @7

§i(@t) —p; (@) £i(t) = pi(t) (@) —pj0)* '
dE;0) —q;(1) _  d§@) 2dt . (4.8)

§i(t) —q; (@) £i(t) —qj() (&) —q;(1)? '
d(g;() = p;@®) —2dt o

q; () —pi(t) (& @) —q;O)E @) —p;j®)

In the above equations, (4.6) and (4.9) are ODEs, (4.7) and (4.8) are (}",j )-adapted SDEs.
For t € (0, T;), define

(p+2>(K 6—p)

r(0) = 16,(0) = p, (O] ¥ 1&,(0) —q; 01~ 1a; (1) = p, (., x0)
(4.10)
From (4.1), (4.6)—(4.9) and It&’s formula, we have that, for r > 0,
drj(t):_ P .dBj(t) B K—6—p .dBj(z) plk —4—p)/(2k)
rj(t) EM) —pi) Ve o O —qi()  Vk (&) — pj(1)* win

Let D = {(t1,12) € [0,T1) x [0,T2) : Bi([0,1,]) N Ba([0, 22]) = ¥}. Then for any
(t1, ) € D, Ki(t1) U K»(t,) is a hull in H w.r.t. co. For (¢, ;) € D, let

Kir; () = (K (1) U K () / K (1)) = ¢ (15, Ki (1)), (4.12)

and @, (f, -) = PR, 1) Then Ky, () is the image of a curve in H started from
@;j(t;, x) =q;(t;). And for any z € H\ (K (#;) U K»(t2)),

QK (1)UKa (1) (2) = @14, (P11, 02(t2, 2)) = @24, (B2, @1 (11, 2))- (4.13)

Define Aj, h € Z>o, on D such that A; ;(t, ) = 8”<pk, (e, §;(2;)). Note that the de-
finition of A; here agrees with the definition of A;; in Sect 4.2 of [10]. From now on,
we fix #; to be some (}"k) -stopping time that lies on [0, T;), and consider the filtration

(fti. X f,kk )z,-zo- Since B;(t) and By() are independent Brownian motions, so B;(t;) is an
(f,i. X }",’; ),].zo-Brownian motion. We use 9; to denote the partial derivative w.r.t. ¢;. The

following equations are (4.10) and (4.12) in [10], where (4.14) is an (f,i. X }"[’; ),J.Zo-adapted
SDE.

K
3/‘4/‘,0:14/,135;(0)—#-(5—3)Aj,28tj; (4.14)
243 9;A —2A2
A= ——. L= (4.15)
Ak,() AJ,O Ak,l (Ak,O A./,O)
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We now use 9; and 9, to denote the partial derivatives of ¢; (-, -) w.r.t. the first (real)
and second (complex) variables, respectively, inside the bracket; and use 9, to denote the
partial derivative of ¢; , (-, -) w.r.t. the subscript #. Let (#1, t,) € D. The following equations
are (3.9) and (3.15) in [9].

243,
31‘/’j,rk(tj,2)=m, z € HI\ K, (2)); (4.16)
ju ) j.
243,  20:0k, (8. 2)

Bo@r,q; (B, 2) = . z€HN\ Kiy (). (417)

@ e, 2) — Ajo z—§(1))

Since K, (t;) "R = {gi(#)} and Kk,tj () NR = {g;(t;)}, so after continuation, (4.16)
also holds for any z € R\ {gx(#)}, and (4.17) also holds for any z € R\ {§;(¢;), q;(t;)}.
Differentiating (4.17) w.r.t. 9, we find that for (¢, ) € D, and z € R\ {§;(¢;), q;(t))},

2A% 0.9k, (11, 2) 20201, (1, 2) 2001, (1, 2)
00dgpir (1, 7) = —— IS T DI (418)
' (@r,r; (ks 2) — Ajo) z—&;(1)) (z—&;(1;)

Define Bjo on D such that B;o(t1, %) = @, (&, p;(t;)). Since £(0) = p;(0) and

& () < pi(t) fort > 0,50 A1 0(0,1) = By 9(0,%) and A (t;, 1) < By o(ty, ) if t; > 0.

Similarly, we have AZ,O(tls 0) = Bz’o(tl, 0) and A2,0(t17 1) > 82’0(1‘1,1‘2) if 1, > 0. Choose

any y; < y» € (x1, x2). Then p1(#1) < ¢1(t1, y1) < @2(11, y2) forany 11 € [0, T1). From (4.13)
we have

Bio(t1, 1) < 0k, 1)Uk (1) V1) < Ok (1) UK (0) (V2)

for any (t,%) € D. Similarly, By o(t1, %) > @k, 1)Uk () (¥2) > @k, (11)UK2 (1) (Y1) Tor any
(t;, 1) € D. Thus, By < By on D. So in general, A; o < By < By < Az, Where
Aro=Bio iff #{ =0, and Bz’() = Az,o iff 1, =0.

Let (#1, ;) € D. Since py (t;) # qi (1), so we may apply (4.16) with z = p; (), and obtain

2A§,1

0iByg=—"—.
7RO Bro—Ajo

(4.19)

Now suppose t; > 0. Then p;(t;) e R\ {§;(t;),q;(t;)}. So we may apply (4.17) with z =
p;j(t;), and use (4.2) and chain rule to obtain

247,

L (4.20)
Bjo—Ajo

3jBjo=
Note that (4.19) and (4.20) have the same forms as the formula for 9; B,, ¢ in (4.13) in [10].
But here we require that ¢; > 0 in (4.20).
Let E_/',O = Aj.() —Ayo=—E;0#0, E_/l,m = Aj.() — Byo,m=1,2, and Cj.k = Bj’() —
By g =—Cy,j #0. From (4.14)—(4.15) and (4.19)—(4.20), we obtain the following formulas,
which have the same forms as (4.14) and (4.15) in [10].

BjEjm Aj] K Aj2 A?l

9%im _ Ail e . So3). 22 40 2 g m=0,1,2; (421
Ej,m Jj.m Sj( ]) * 2 E./,m * Eim ! " ( )
9.E —2A?

jEkm Ji1 8t_,-, m=1,2; (422)

Exm  EjoEjnm
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9.C: —2A?
SR = TR gy, (4.23)
Cj,k Ej,lEj,Z

Here we require that #; > 0 in the SDEs for 9, E; ;, 9; E; ;, and 9;C} x, because (4.20) does
not hold for ¢; = 0.

Define E_,»,l on D such that E_,»,l (t1,h) = 02 @k (e, pj(t;)). Differentiating (4.16) w.r.t.
0, and plugging z = pi (), we get

9.B —2A2
Il = gy, (4.24)

9.8 —2A2 2
L R [T S 3t (4.25)
Bj1 Es, 0 (piy) — &)
Let D = % = %. From (4.23)—(4.25), we find that, for t; > 0,
1,2 2,1
3;D A A\’ 2
f_:_z(i—#> o+ ——————— 01 (4.26)
D E;; Ej; (pj(t;) —§;(;))
Ej1Eyn _ EjjErk

Let D' ={(t;,1) € D : 1t *t, # 0}. Define R on D such that R = Erabr1 = FiEr,”
From Ao < B1o < Byo < Asp we have |E; ;| < |Eji| and E; ;/E;; >0, s0 R e [0, 1).
Since Ajo # Bjo when t; > 0, so Ej; * E»» # 0 on D'. Thus, R € (0,1) on D'. Since
Eym=Ejn,—Ejoform=1,2,sowe have

R+1 _ 2/Ej0  1/E;;+1/Ej,
R—1 1/E;;—1/Ejx 1/E;; —1/E;;

4.27)

From (4.21) and (4.22), we have that, for t; > 0,
AL A Air A Ain o A\
Ejj Ejx 2 Ejj Ejx/ 2\Ej; Ej

A? A2 242 2A2
+(2‘£)<+1—%1>+( L I )}atj. (4.28)
2/\Ej;  Ej EjoE;; EjoEjx
Let Up(x) and fp(x) be given by Lemma 3.1. Let gy be defined by (3.5). For x € (0, 1), let
Vo(x) := x ¥ Up(x). From (3.1) and (3.5), we find that V,(x) satisfies

Vo(x) — go(x)

i) _ s (4.29)
€V o [(2— f)x - 5] ) _PUTIZO a0
2 Vo) 2/x—=1 2 K 2K

Since R € (0, 1) on D', so Vy(R) is well defined on D’. From (4.27)—(4.30), we have that

0 Vo(R) _ go(R) (Ajn  Ajn\.. . . R (K Aj2 _Aja
Vo(R) & (E E.j’k>3§_,(z,)+ K <2 3>[<Ej.j Ej,k)

Jrd
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_( 243, B 247, )]ar«
EjoEjj EjoEjx !

—4— A A \?
_pkemAm o) (A Ay, 431)
2K Ej,k Ejj
_ Aj,142,1 _
Define N and F on D such that N = Gro—AroR and F(t,1) =

exp(fot2 Ot' 2N (s, s2)ds;dsy). Let a = 62;KK and A = %. The following equations
are (4.13) in [9] and (4.25) in [10].

8_/Na_1 3 K quz 2Aj,1 8%’ (t)—l—}\‘ 1 A%,2 1 A1‘3 8}(432)
Ne i 2J\A;, Ejo) 4 AT 6 Ay T

3 F 1 A5, 1 A
iF :_A<_.¢2__.;-3>3,j. (4.33)

F~* 4 A3, 6 Ay,
Lett = W and § = —W. Define M on D’ such that
M = |x; — x| r1 (t)r2(82) D° Vo (R)N® F . (4.34)

From (4.1), (4.11), (4.26) and (4.31)—(4.33), we get

oM A; 2A; A, A,
M 2 Aj,l qu() Ejj Ej,k

K—6— dB;(t;
@) i)Pj(fj) @) —ijtj)] «}(EJ) (*39)
Define 7; on [0, T;) such that
R =18, — ;)1 gy (1) — piap) | a0 TR (436)
Define M on D such that
M =[xy — x2| 7 (1)72(12) D | Ey 2 1| % Ug(R)N® F . (4.37)

Then M is continuous on D. Define L; on D such that if t; =0 then L; = 0,¢ (%, x;); if
t; > 0 then

|E;j(t, )| Py §(1)) — @rr; (s pj (25))
1&;(t;) — p, (1)) £i(t) — p;(t) '

Here the second “=" holds because E;; has the same sign as &;(¢;) — p;(t;). Since
limy o+ & (t) = limy o+ pe() = x¢ and limy; o+ @ (B, ) = @0 (e, ) = @il ), s0
L; is continuous on D. From (4.10), (4.34), (4.36)—(4.38), and that Vy(x) = x€ Up(x), we

find that M = M ng Lf on D'. Thus M has continuous extension to D. Now we check the
value of M when t; =0.

We have &;(0) = p;(0) =xj, ¢;(0) = x;, and K;(0) =@. So K;(0) U K (1) = Ky (t).
From (4.12) we have Ky ((#) = Ki(#) and K, (0) = @, which implies that ¢y o(#, -) =
oc(te, ) and @;,(0,-) = id. Thus, if #; = 0, then 7;(t;) = |x; — x| "; and Ajo =

Li(t;,n)= (4.38)
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@i(te, xj) = qe(te) = Bjo, Aji = 0,0 (tx, x;) = By, Ajo = 920k (tr, x;), Aro = & (1),
Bro = pi(t), and Ay =1 = Bk,l, which imply that E;; =0, E;x = qx(tx) — pr(t),
Ero=Er; =& —aqx(t) = —Ejo, Exx = &) — pe(t), 1Cjkl = Ipi(te) — qr ()],

0 (tgx ) 0o (gx )
b= (Pr)—qr (@)?° R=0,U(R)=1, N = E ) —ak 1)) and F = 1. From (4.36), (4.37)

and the above argument, we find that M = 0,0k (tr, xj)~ % when t; ;7 = 0. From the definition,
L; = 0,¢(t, x;) when t; = 0. Since ¢;,(0,-) =id, so Ly =1 when ¢; = 0. Thus, after
continuous extension, M = 1 when ¢, or t, equals 0.

Let Q; be the formula inside the square bracket in (4.35), that is,

A, 24 A;
Q_,~=<3—£)<;’2——j’l> (R)( _J>
2J\Aj1 Ejo Ejj Ejk

B o _ k—6-p
Eitj))—pit;) &) _Qj(tj).

(4.39)

Then Q; is defined on D’. Using the observation in the previous paragraph and the fact that
20(0) = p and g is differentiable at 0, we may check that Q; has continuous extension to
D. Thus, after continuous extensions, the formula 22 — =0; 48; (t’ holds in D. For each 1, €
[0, Ty), let T; (%) be the maximal number such that K;(t)n Kk(tk) =@ for0<t<T;t).
From (4.35) we conclude that for any fixed stopping time t € [0, Ty), M is a continuous
local martingale in ¢;, where ¢; ranges in [0, T}).

Let HP denote the set of (H;, H,) such that for j = 1,2, H; is a hull in Hl w.r.t. co that
contains some neighborhood of x; in H, and H, N H, =%. For (Hy, H,) € HP, let T;(Hj)
be the first # such that 8;(¢t;) e H\ H;. Then T;(H;) is an (}',j)-stopping time.

Theorem 4.1 For any (H,, H,) € HP, there are C, > Cy > 0 depending on H, and H, such
that Cy < M(t,, 1) < C; for (t1,1;) € [0, T1(H})] x [0, Tr(H>)].

Proof Since M = M L L” , SO we sufﬁce to show that the theorem holds for M and L ; js
Jj =1,2. To check the boundedness of M, we suffice to show that the theorem holds for
every factor on the right-hand side of (4.37). From Lemma 3.1, we find that the theorem
holds for Uy(R). The boundedness of other factors in (4.37) can be proved using the method
in Sect. 5 of [9]. For the boundedness of L;, we suffice to note that from Lemma 5.2 in
[9], the value of L; lies between A; ; and B .1, which are both uniformly bounded from oo
and 0. |

Fix (H;, H,) € HP. From the local martingale property of M and the above theorem, we
see that E[M (T (H,), T,(H,))] = 1. Let u denote the joint distribution of (&;(¢),0 <t < T})
and (& (#),0 <t < T,). Define v such that dv/du = M(T\(H,), T,(H,)). Then v is also a
probability measure. Suppose temporarily that the joint distribution of &; and &, is v instead
of u. For (¢, t,) € D, define

By, (t1) = B (t)) — —/ 01(s, 1) ds,
(4.40)

By, () = By (tz) — —/ 0s(t1, 5)ds.
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Fix an (FF)-stopping time #; with 7 < Ti(Hj). Since B;(t) is an (F! x ]—"}Z),Zo-Brownian
motion under w, so from (4.35), (4.39) and the Girsanov’s Theorem, B;; (¢), 0 <t <
T;(H;), is a partial (]-',j X ]-'[’]‘< )¢>0-Brownian motion under v.

The following theorem is Theorem 6.1 in [9] and Theorem 4.5 in [10]. It can be proved
using the above theorem and the argument in [9] or [10].

Theorem 4.2 Forany (H{", H}') € HP, 1 <m < n, there is a continuous function M, (t, t,)
defined on [0, 00)? that satisfies the following properties: (i) M, = M on [0, T\ (H™)] x
[0, (H)] form =1, ..., n; (ii) M. (¢,0) = M,(0,t) =1 for any t > 0; (iii)) M. (t;, ) €
[Cy, Cy] for any ti,t, > 0, where C, > Cy > 0 are constants depending only on H]’.",
j=1,2,1<m <n;(iv) for any (]-'tz)—stopping time t, (M. (t1, 1), t; > 0) is a bounded con-
tinuous (}',1] X }%)llzo-martingale; and (V) for any (}'tl)-stopping timet), (M, (t;, 1), t, > 0)

is a bounded continuous (‘7:511 X ﬁi),zzo—martingale.

5 Coupling Measures

LetC := Ure(o,oo] C([0,T)). Themap T : C — (0, oo] is such that [0, T (§)) is the definition
domain of &. For ¢ € [0, 00), let F;, be the o-algebra on C generated by {T > s,&(s) € A},
where s € [0,¢] and A is a Borel set on R. Then (F;) is a filtration on C, and T is an
(F)-stopping time. Let Fo, = \/, F;.

For & € C, let K¢(¢), 0 <t < T(§), denote the chordal Loewner hulls driven by &. Let
H be ahull in H w.r.t. co. Let Ty (§) € [0, T (§)] be the maximal number such that K () N
H\ H =0 for 0 <t < Ty. Then Ty is an (F;)-stopping time. Let Cy = {Ty > 0}. Then
& € Cy iff H contains some neighborhood of £(0) in H. Define Py : Cy — C such that
Py (&) is the restriction of & to [0, Ty (£)). Then Py (Cy) ={Ty =T}, and Py o Py = Py.
If AisaBorel seton R and s € [0, c0), then

Pyl({§€C:TE) >5.6() € AD) = (£ €Cpy: Tu(§) > 5,5(s) cAyeFr .

Thus, Py is (fT[;, Foso)-measurable on Cy . On the other hand, the restriction of ]:Tﬁ toCy
is the o -algebra generated by {§ € Cyy : Ty (§) > 5,&(s) € A}, where s € [0, 00) and A is a
Borel set on R. Thus, Py Y Fso) agrees with the restriction of }—Tﬁ toCy.

Let C=CU {oo} be the Riemann sphere with spherical metric. Let I'¢ denote the space
of nonempty compact subsets of C endowed with Hausdorff metric. Then I'z is a compact
metric space. Define G : C — I'z such that G (&) is the spherical closure of {r +i&(r) : 0 <
t < T(&)}. Then G is a one-to-one map. Let Iz = G(C). Let }'}Z denote the o -algebra on
I generated by Hausdorff metric. Let

R={{zeC:a<Rez<b,c<Imz<d}:a,b,c,deR}.

Then f{é agrees with the o-algebra on I; generated by {{F e Is: FN R #0}: R eR}.
Using this result, one may check that G and G~' (defined on I;) are both measurable with
respect to Foo and F. {é )

Now we adopt the notation in the previous section. Let u; denote the distribution of
(¢;(t),0 <t < T;), which is a probability measure on C. Let it = | X o be a probability
measure on C2. Since &, and &, are independent, so u is the joint distribution of &, and &,.

Let HP, be the set of (H,, H,) € HP such that for j = 1,2, H; is a polygon whose
vertices have rational coordinates. Then HP, is countable. Let (H{", Hy"), m € N, be an
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enumeration of HP,. For each n € N, let M} (t,,1;) be the M. (t;, ;) given by Theo-
rem 4.2 for (H", H]"), 1 < m < n, in the above enumeration. For each n € N define

= (v}, v3) such that dv' [du = M7 (o0, 00). From Theorem 4.2, M} (00, 00) > 0 and
fo(oo, oco)du = E,[M](c0,00)] =1, so V" is a probability measure on C?. Since
dvi/du, =E,[M} (oo, oo)lf;o] = M} (00,0) =1, so v{ = ;. Similarly, v = 1,. So each
V" is a coupling of 1| and ;.

Let v" = (G x G)4(V") be a probability measure on l%. Since F% is compact, so (V")
has a subsequence (V") that converges weakly to some probability measure v = (vy, v,) on
'z x ['g. Then for j = 1,2, D;’k — v; weakly. For n € N and j = 1,2, since v} = u;, so
D;’ = G,(u;). Thus v; = G, (), j =1,2. So v is supported by Ié. Let v= (v, 1n) =
(G™' x G™)4(V) be a probability measure on C>. Here we use the fact that G' is
( ,G,}"oo) -measurable. For j = 1,2, we have v; = (G*I)*(Dj) = ;. So v is also a cou-
pling measure of p; and ;.

The following lemma is Lemma 4.1 in [10]. The proof is similar.

Lemma 5.1 For any n € N, the restriction of v to ]-'} X ]-'% ; is absolutely continuous
w.r.t. b, and the Radon-Nikodym derivative is M(THn (51) TH2 (Sz))

Now suppose that the joint distribution of &;(¢), 0 <t < T}, and &,(¢), 0 <t < T>, is the
v in the above lemma instead of u = p; X p,. Since the distribution of &; is v; = u;, so
Bj(t), 0 <t < Tj, is still a chordal SLE(x; p,x — 6 — p) trace started from (x;; x;-’j,xk).
Thus, a.s. limt_)Tj— Bj(t) = x;. For (t|,1,) € D, let B;, (t;) be defined by (4.40). Fix an

(F*)-stopping time #; € [0, T;). Choose any n € N. Let /' = f; A Ty (H}"). Then #}' is also an
(]-'tk)—stopping time, and satisfies 7! < T;(H]'). From the above lemma and the discussion
after Theorem 4.1, we see that Bjm ®),0<t<T; (H;’), is a partial (F/ x f;}),zo-Brownian
motion.

Lemma 5.2 B;; (1),0 <t < T;(%), is a partial (]—',j X %),Zo—Bmwnian motion.

Proof Write T;’ for T;(H ;7), j =1,2, n € N. From the above argument, we know that for
any n € N, Bjﬁ« A T]fl), 0 <t < oo, is a continuous (F/ x ﬂ;:l),zo—maningale. Define
§7 =T/ on {t; < T}, and S} =0 on {T}" < #;}. Then for any r > 0, {S} <1} = {T}" <
LYULT! <t} e F x ]-',’; So 87 is an (F/ x ]-'g(),zo—stopping time. Now we claim that
B @A S_;‘), 0 <t < oo, is a continuous (F! x ]—"g{),zo—martingale. Fix s, > 51 > 0 and

EeFl x ft’]‘( Let & = EN(TY < i} and & = €N {5 < T}}. Since S} =0 on &, s0
Bjj(san S_;’) =0=B;;(s1 A S;.’) on &, which implies that

/Bj,,-k(szAs;?)dv:o:/ B (st AST)dv. (5.1
&1 &l

Since # =7} on {f; < T}"}, so }'t’; agrees with .7:[',‘? on {fy < T"}. Thus, & € .FJI X }'tfz,. Since
fr =1 and §7 =T on &, so from the martingale property of B; m (1 AT}"), we have

/ By (s2 A ST)dv= / By (s1 A S7) dv. (5.2)
&

&
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Since £ is the disjoint union of £, and &,, so from (5.1) and (5.2), E,[B; 7, (s2 A S?)'fs!; X
]-"k] =B;;(s1 A S”) So the claim is justified.

Since the above claim holds for any n € N, so B ; (1), 0 <t < \/7_, 7, is a continuous
(]—',J X ]—'Ek),zo—local martingale. We now claim that \/n:1 S_;‘ = T;(%). Fix any n € N. If
T!' < 1 then §7=0< T;(f). If f, < T} then 8% =T} .From fix < T we have Ky (%) C H}'.
From S" = T” we have K; (S”) C H" Since H” NH!=0,50K; (S") N Kk(t_k) =, and so
again we have S” < T;(t). Since the above holds for any n e N, so \/n 1S " < T;(f). Now
suppose fo < T;(#). Then K ; K (10) N Ky (tk) = (). We may always find (H 0) € HP, such
that K ; (19) C H"0 and K (f) C H;°. Then we have W <T".So\/ 2, S;’ > S"O T"O > fo.
Since this holds for any 1y < T; (%), so \/n 1 J = T;(#). Thus, B;; (1), 0 5 t< T (t), is

a continuous (F/ x .7-"5( )i>0-local martingale. Using a similar argument, we conclude that

Bj;, @)?—1,0<t< T; (), is also a continuous (}",j X J:t-’;)tzo-local martingale. Using the
characterization of Brownian motion in [7], we complete the proof. O

Theorem 5.1 Leta > 0. Let 1, € (0, T>) be an (F*)-stopping time. Let C; = a - % >

0, w(z)=Cj - E;(‘éz)(’fz) ,and W = w o @y(2, ). Then after a time-change, W (8,(1)), 0 <t <

Ti(12), has the distribution of a degenerate intermediate SLE(k; p) trace with force points
0, and a. Moreover, a.s. T\ (1) < Ty and B1(T| (%)) = B2(12).

Proof Let C; =C - (5&(5) — q2(1)) > 0. For 0 <t < T (%), define

- CrA, (1,1 "2C,A h)A . h)?
3t = G 2,1(t, 1) - _¢ / 2421 (s 2)_1,31(3 2) ds: (53)
Ago(t, 1) — 15, w™l(2)) 0 Eio(s, 1)
~ CrA, (1,1 "2C,A nA 1)?
T =22 2.1(7_2) ¢ / 2421 (s, 2)_1,31(& 2) ds: (5.4)
E>0(s, 1) 0 E (s, 1)
~ CrA5 (1, 1 "2C,A5 (s, ) A )2
() = 2 2,1(_2)_C1 / 2A21(s 2)_1,;(5 2) ds: (5.5)
Ey (2, 1) 0 E;o(s, 1)’
- CrA, (1,1 "2C,A ,h)A )2
Gy = A0 / 28216, DAL B 4 (5.6)
E>»(t, 1) 0 E10(s, 1)

Since A20(0,5) = &(B), A21(0,5) = 1, and ¢ ;(0,-) = id, so $(0,z) = z. Using
(4.15) and (4.16) with j =1 and k =2, it is straightforward to check that

_ 2CNG R
8, t, :,__’27»\, 57
D= -5 e

Letv(t) = fot C%N(s, f,)>ds. Then v(0) = 0 and v is continuous and strictly increasing. So
v maps [0, T} (%)) onto [0, T) for some T € (0, 0c]. Let ¢(t,-) = (™' (¢), ) and £(¢) =
g(v*' (t)) for 0 <t < T. From (5.7), we have 9,¢(t,z) = Thus ¢(¢,-),0<t <T,
are the chordal Loewner maps driven by &.

Note that w maps H conformally onto H, and w(&;(f;)) = 0o. Since ¢,(7y, ) maps
H\ B,((0, 1,]) conformally onto H, and ¢ (t2, B2(f2)) = & (f2), so W maps H \ £((0, 2])
conformally on H, and W (B, (f,)) = oo. Forany ¢ € [0, T} (f,)), w™" maps H\ W(8,((0, t]))

2z
P(t.2)—-§(@0) "
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conformally onto H \ ¢, (%, B1((0, £])) = H \ K, 7(t). Since ¢y 5(t,-) maps H \ K, (¢)
conformally onto H, so from (5.3), ¢(z, -) maps H \ W (8,((0, ¢])) conformally onto H. For
0<t<T,let B(t) = W(Bi(v™'(t))), then ¢(¢, ) maps H \ B((0, t]) conformally onto H.
So B(t),0 <t < T, is the chordal Loewner trace driven by £&.

Let p(¢) = p(v™(¢)) and q¢(t) =G (v~ (¢)), 0 <t < T. Applying (4.15) and (4.19) with
j=1and k =2, and using v'(t) = C3N (1, 1)?, it is straightforward to check that

2 2
.0 T; "= —, 0<t<T. 5.8
- T T0=ro e 5T 58)

Moreover, since A1 o(t, ) < B1o(t, 1) < Bao(t, ) < Ay o(t, 1) for 0 < t < Ty (fp), so from
(5.4)—(5.6) and the definition of E, ,,, m =0, 1,2, we have

P =

E)<pt)y<qt)<oo, O0<t<T. 5.9

Since /_41,0(0,52_) = 612(_t_2) = B (0, %), and A (0, h) = &(f), so Ey0(0,5) =
E>1(0, 1) = &(12) — q2(12). Note that A3 1(0, ) =1, so

% - C
& (1) — qa(tr)
Since B, (0, 1) = pa(12), 50 E»2(0, ) = & (1) — pa(%). Thus,

Cy
& (2) — pa(ty)
Note that E; g = —E| o. Applying (4.15) and (4.21) with j =1, k =2 and m =0, we get

§(0)=p(0) = =0. (5.10)

q0) = —Ci=a>0. (5.11)

dE(1) = CoN(t, 1) d& (1)

A i(t, ) [ (K A2t 1) Ayt 0)?
C)y———||=-—-3)|——+ 6—Kk)———— |dt. 5.12
e Eio(, 1) [(2 )El,o(l‘,fz) +6=x) El,o(t,tz)z] b 012

From (4.1), (4.39) and (4.40), we see that &(¢), 0 <t < T (), satisfies the (_7-'t1 X }}22),20—
adapted SDE:

d&i(t) = V/kdB) (1)

k\[ A2 241, A Apg
T2l
|:< 2/\A1  En g0 Ei, Ep

From (5.12) and (5.13) we conclude that

~ _ _ A s - A R 2
dE(t) = NG, m[ﬁ dBy5 (1) + go(R(t, fz))( Eiig Z; - Ei;g Z;) dz]. (5.14)

Let

S()

(Rt 1) <A1,1<r,t‘z) B Al,l(f”_Z)). (5.15)

"~ CN(t, 1) \Eii(t,h)  Eia(t, 1)

Since E(t) =&(()) and v'(t) = C22N(t, )2, so from (5.14) and Lemma 5.2, there is a
Brownian motion B(¢) such thatforO < < T,

dE(t) = J/x dB(t) + S(v™"' (1)) dt. (5.16)
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1030 D. Zhan

From (5.4)—(5.6), we have
Ay (t,H)E (1, h)
E1o(t.)Ey (1, 1)’

A (t, ) E; 2(t, 1)
Eio(t,h)Exs(t, 1)

PO —E1) =G,

G0 —E(0) =Cy

Thus,
PO-50) _ BB _ Lo o
gty —§&@) Ei2(t,H)E> (¢, 1)
From (3.7), (5.15) and the above formulas, we get
e 1 1 5(r>—’§(r>>
J(p@) —&E@),q(t) —E@) =—| = — — — ~ . — = = S(1).
(P =540 =50 <p(r>—s(z) q(r)—sm) g°(q(z)—s(z> «

From (5.16) we find that, forO <z < T,

d&(t) =k dB(®) + J (p(1) — (1), q(t) — £(1)) dt. (5.17)

So &(t), p(t) and g(t), 0 <t < T, solve (5.8) and (5.17), and satisfy (5.9)—(5.11). Assume
that this solution can be extended beyond 7. Since « € (0,4), so 8(T) =lim,_, - B(¢) € H.
Thus, lim,_, (7, i)~ W(B1(t)) € H. From the definition, W maps H \ B((0, 7,]) conformally
onto H. So we have lim,_, 7, z,)- B1(t) € H \ B((0, 2]). This implies that the distance be-
tween B1((0, T1(2)]) and B,((0, £,]) is positive. This is impossible because of the definition
of Tj(t,) and the fact that limHTlf B1(t) = x, = B2(0). Thus (0, T) is the maximal interval
of the solution. From (5.8)—(5.11) and (5.17), we see that 8(¢), 0 <t < T, is a degener-
ate intermediate SLE(k; p) trace with force points 0% and a. Since B is a time-change of
W (B1), so after a time-change, W (8;(¢)), 0 <t < T (%), has the distribution of a degenerate
intermediate SLE(x; p) trace with force points 0, and a.

From Corollary 3.1 and the fact that W~!(co) = Ba(f2), we see that a.s. By(f) is a
subsequential limit of B(¢) as t — (T1())~. If Ti(%) = Ty then lim,, 7y, fi1(t) =
hmHT{ B1(t) = x, # B2(f) because 1, > 0, which a.s. does not happen. Thus, a.s. T3 () <
Ty. Since B; is continuous on [0, T1), so a.s. Bi(Ti(f2)) = lim,_, (7, ¢,)- B1(t). Since ass.
B2 (1) is a subsequential limit of B (¢) as t — (T1(2)) ™, so B1(T1 (%)) = B2 (12). O

Theorem 5.2 Almost surely $,((0, T1)) = B>((0, T»)).

Proof Forn € N, let S, be the first time that |8,(f) — x1| = |x, — x1|/(n + 1). Then for each
neN,S§,isan (]—'tz)—stopping time, S, € (0, T3), and T, = \/;’;1 S,.. For each ¢ € Q., let
Sn.q = Su A q, which is also an (ff)-stopping time. Then {S, , :n e N, g € Q.(} is a dense
subset of (0, 7). Applying Theorem 5.1 with , = S, ,, we see that a.s. B2(S,,4) € B1((0, T1))
for any n € N and g € Q..o. From the denseness of {S, ,} and the continuity of 8;, we have
a.s. $2((0, T»)) C B1((0, T1)). Since both B; and B, are simple curves, 8;(0) = x; = B2(T»),
and B(0) = x; = B1(T1), 50 as. 1 ((0, T1)) = B2((0, T»)). O

Corollary 5.1 Suppose B(t), 0 <t < 00, is a degenerate intermediate SLE(k; p) trace.
Then a.s. lim,_, o, B(t) = o0.
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Proof Suppose that the force points for 8 is 0™ and ag > 0. Applying Theorem 5.1 with
a = ag and any (F?)-stopping time 7, € (0, Ty). Then W(B;(?)), 0 <t < Ti (%), has the
same distribution as B(), 0 <t < oo, up to a time-change, and a.s. lim,_, (7, 7))~ B1(t) =
Bi(T1(12)) = Ba(12). Since W (Ba(12)) = 00, 50 a.s. lim,_, (1, ¢,)~ W(Bi1 (1)) = oo. Thus, a.s.
lim,_, o B(f) = o0. O

Proof of Theorem 1.1 We may find W, that maps H conformally or conjugate confor-
mally onto H such that W, (x;) =0, W, (xl+) =07, and W;(x;) = o0. Let W, = W(;l o Wj.
Then W, maps H conjugate conformally or conformally onto H such that W,(x,;) =0,
W, (x,) =07, and W,(x;) = oo. Recall that for j=12,8;1),0<t <Tj,is a chordal
SLE(k; p, —6 p) trace started from (x], x5 i), where oy = + and 0, = —. From
Proposition 2.1, after a time-change, Wj (ﬁo(t)), 0 <t < 00, has the same distribution as
Bi(1),0<t <Tj, j=1,2. From Theorem 5.1, after a time-change, the reversal of 8,(¢),
0 <t < T, agrees with 8,(¢), 0 <t < T;. Thus, W{l(ﬂo(l/t)), 0 < t < 00, has the same
distribution as Wl_1 (Bo(1)), 0 <t < oo, after a time-change. Since Wy = W; o Wz_l, so the
proof is finished. |

Proof of Theorem 1.2 Applying Theorem 5.1 with any (f,z)—stopping time 7, € (0, T») and
% . g;(‘f;;'f) and W = w o @, (1», -), such that after a time-
change, W(B;(t)), 0 <t < Ti(f;), has the same distribution as a degenerate intermediate
SLE(«; p) trace with force points 0+ and a= 1/by.

Let T =T, — 5. For0<71 <T,let £t) = & + 1), p(t) = pa(t, + 1) and g(t) =
¢t +1). Let B(t) = By(t +t) — By(f;), t > 0. Then B(t) is a Brownian motion that is
independent of &,(%), pa2(f) and ¢»(%;). From (4.1)—(4.3), E(t), p@)and g(1),0<1t < T,
satisfy the following SDE:

a=1/by,wegetw(z) =a-

0 K—6— Py
d = dB + = dt + =
50 = KdB) + g did g

2 2
d~t =7~dt, d~t =~7~dt,
PO =S —Fw 10=70_%0

with initial values
£(0) =&(n), P(0) = pa(B), 4(0) = g2 (1).

For 0<r<T,let §t,-) = Pty +1,-) o @a(ta, <)~ ! and ,3(1) = ¢a(tr, P2tz + 1)). Then

¢0,z2) =z,and ¢(t,2),0<t < T satisfy 9,¢(¢,z) = m, and for each 0 <t < T

@(t,+) maps H \ /3((0 t]) conformally onto H. Thus, ﬁ(t) 0<t< T is the chordal
Loewner trace drlven by S The solutlon E (), p(t) and g(1), 0 <t < T could not be
extended beyond T because lim,_, 7- ﬁ(t) = @y (tr, hm,_)T B2(1)) = @1(t2, x1) € R. Thus,

,B(t) =@y, Bo(tr +1)),0 <t < T, — 1, is a chordal SLE(K p,k — 6 — p) trace started
from (&,(%2); p2(2), q2(f2)). Let Wy = WO_ o w. Then WO_ oW =W o@y(f,-), Wi maps
H conformally onto ]HI Wi (& (5)) =0, W, (qz(lg)) =00 and W;(py(f2)) = 1/a = by. From
Proposition 2.1, W oW(Bi(t +1) =W, (,B(t)) 0 <t < T, — 1y, has the same distrib-
ution as By(t), 0 < t < oo, after a time-change. From Theorems 5.1 and 5.2, after a time-
change, the reversal of B,(t), f» <t < T, has the same distribution as B, (¢), 0 < ¢ < T1(%).
Thus, after a time-change, Wy (Bo(1/1)), 0 <t < 00, has the same distribution as the reversal
of W(Bi(1)), 0 <t < T\(f), which has the same distribution as a degenerate intermediate
SLE(k; p) trace with force points 0% and 1/b. O
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Now we will see some applications of Theorem 1.1. The following proposition is Theo-
rem 5.4 in [10], where 8]}}5’ is the right boundary of S in H (cf. [10]).

Proposition 5.1 Let k >4, C > 1/2, and K(t), 0 <t < 00, be a chordal SLE(x; C(kx —
4)) process started from (0;07). Let K(o0) = |J,_., K(t). Let Wy(z) = 1/Z. Then
Wo(aﬁK(oo)) has the same distribution as the image of a chordal SLE(k'; C'(x' —
4), %(K/ — 4)) trace started from (0; 0%, 07), where k' = 16/k and C' =1 — C.

Applying the above proposition with C = 1, and applying Theorem 1.1 with x = «" and
p= %(K/ — 4), we conclude the following theorem, which is Conjecture 2 in [1].

Theorem 5.3 Let «k > 4, and K(t), 0 <t < 00, be a chordal SLE(«; k — 4) process started
from (0;0%). Let K(c0) = J,_., K(t). Then 35 K (c0) has the same distribution as the

image of a chordal SLE(x'; %(K/ — 4)) trace started from (0; 07), where k' = 16/«k.
The following proposition is a part of Theorem 5.2 in [11].

Proposition 5.2 Let k > 4 and C.,C_ > 1/2. Let K(t), 0 <t < 00, be a chordal
SLE(k; Cy(k — 4), C_(k — 4)) process started from (0;07,07). Let K (00) = J,., K ().
Let k' = 16/k and Wy(z) = 1/7. Then WO(B];H“K(OO)) has the same distribution as the image
of a chordal SLE(x’; (1 — C.) (k' —4), (1/2 — C_) (k' — 4)) trace started from (0; 0", 07).

Applying Proposition 5.2 with C+ =1 or C— = 1/2, and using Theorem 1.1, we con-
clude the following two theorems.

Theorem 5.4 Letk >4,C > 1/2,and K (t),0 <t < 00, be a chordal SLE(k; k —4, C(k —
4)) process started from (0; 07, 07). Let K (00) =, _,, K (t). Then d;; K (00) has the same
distribution as the image of a chordal SLE(x’; (1/2 — C) (k' — 4)) trace started from (0; 07),
where k' = 16/x.

Theorem 5.5 Let k >4, C > 1/2, and K(t), 0 <t < 00, be a chordal SLE(x; C(k —
4), %(K — 4)) process started from (0;07,07). Let K(0c0) = Ui <00 K (7). Then BﬁK(oo)
has the same distribution as the image of a chordal SLE(k'; (1 — C) (k' — 4)) trace started
from (0; 07), where k' =16/«
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